Abstract-The present mainstream realizes that non-Fourier phenomena in heat transfer are arisen from the time-delay in heat diffusion; however, in this paper we mathematically prove this realization an untruth. The analysis is based on the construction of 2D transfer function for the parabolic equation with time-delayed Laplacian that governs the assumed nonFourier heat transfer. There, functional representation of this spatio-temporal dynamics is performed by the composite of Laplace transform and Galerkin projection. With 2D transfer function, the heat-transfer dynamics is further represented by feedback interconnection of thermal capacitance and timedelayed diffusion, which makes it possible for Nyquist to perform stability and bifurcation analyses on this spatio-temporal dynamics. It comes out that the heat-transfer dynamics under investigation is unstable no matter how small the time-delay in heat diffusion is. That is, time-delayed heat diffusion contradicts the first law of thermodynamics and thus can't be observed. This paper continues to show that the realization of thermal inertia by thermal inductance is supported by the principle of electrothermal analogy and compatible with experimental observations.
INTRODUCTION
One century ago, Maxwell [1] and Nernst [2] suggested through theoretical observations that, in properly chosen conductors, at low temperatures, heat may have sufficient inertia for oscillatory discharge to happen. In 1944, Peshkov measured the propagation velocity of heat flux in liquid helium at 1.4 K to be 19 m/s [3] , which contradicts Fourier law of heat conduction. Taitel hypothesized that the transient temperature at the middle location of a slab with constant-temperature heat source at two ends can be higher than that of the sources, called by Taitel's paradox [4] .
Recent researchers investigate the time lags from temperature change to heat-flux stationary in a variety of materials, believing that the thermal inertia is a general phenomenon in heat-transfer dynamics [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] . Literature documents three aspects of non-Fourier phenomena in heat transfer:
(nF1) Temperature at some locations of heat-conduction material subject to heat source of constant temperature can be higher than that of the source during the transience of heat transfer, which implies that heat flux can flow from lower level to higher level of temperature;
(nF2) A pulse of temperature gradient induces temperature vibrations at fixed locations, in which temperature ought to wave-propagate before internal energy is exhausted; and (nF3) At any location of heat-conduction material, an abrupt change of temperature will not result in abrupt change of heat flux-some time lags have been observed, from which we infer that the speed of heat-transfer is comparatively smaller than that of Fourier's prediction.
For these non-Fourier phenomena, Cattaneo [15, 16] and Vernotte [17, 18] proposed to replace the zero-order diffusion equation with the first-order equation:
where T and q stand for temperature and heat-flux, respectively, and W indicates the observed time-lag. Coupling the CV-equation to thermal capacitance yields a hyperbolic equation, which can capture the phenomena of nF1, nF2 and nF3.
However, the CV-equation seems to violate the principle of heat machine, and thereby the second law of thermodynamics to some extent. For the time being, the mainstream [19] [20] [21] [22] [23] acknowledges that the CV-equation ought to be a first-order approximation of the time-delayed heat-diffusion equation:
which is not apparently against the principle of heat machine. Coupling the TD-equation to thermal capacitance, on the other hand, yields a parabolic equation with time-delayed Laplacian (TDP-equation).
Unfortunately, we will perform a bifurcation analysis to show that the TDP-equation is ill-posed, that is, given any initial condition, none of (bounded) solutions is existent, no matter how small the time-delay W is. Specifically, accompanied by the ill-posed dynamics is that even a tiny heatflux pulse input to the heat-transfer domain insulated from heat source can trigger the temperature to be unbounded. This contradicts the first law of thermodynamics that excludes the possibility that thermal potential, part of the internal energy, becomes infinite due to a finite energy input to the domain. Thus, the hypothesis of time-delayed heat diffusion is untrue.
The bifurcation analysis adopts the composite of Laplace transform and Galerkin projection: the Laplace-Galerkin transform in space-time. With this newly developed transform, we represent the TDP-equation by a transfer function served for pure algebra, which is a ratio of polynomials dependent two variables: one is for space and the other is for time. With the capability of pure algebra, we construct the dynamics as a feedback interconnection of two 2D transfer-functions: one is for thermal capacitance, and the other is for the time-delayed heat diffusion. This makes possible to extend Nyquist criterion and Root Locus on stability analyses. This is beyond the capability of conventional approaches such as 1D transfer function (not a ratio of polynomials) [24, 25] or infinitedimensional semi-group evolution [26, 27] .
On the other hand, Bosworth suggested us an analogy of thermodynamics to electromagnetic dynamics [28, 29] , where the electric inductance has the thermal analogy in heat transfer. The thermal circuit resulted from this electro-thermo analogy captures the non-Fourier phenomena and can be formulated as a positive-damped, hyperbolic equation, compatible with the passivity of heat transfer. The hyperbolic nature of heat transfers seems incompatible with the conventional principle of heat machines. This incompatibility can be remedied by the inclusion of the thermal kinetics stored in the thermal inductor into the internal energy. Such a remedy is supported by the theory-extended irreversible thermodynamics [30, 31] .
Some scientific aspects of significances are accompanied by the existence of thermal inductance, for examples:
The thermal kinetics stored in thermal inductance should be counted to modify the thermodynamics first and second laws;
(2) Thermal inductance dominates the performance of high-speed thermal processes, such as the heating by short-time laser pulses; and (3) Even with small temperature differences, large energy can still be pumped in the form of heat-flux into the material, provided that we find how to increase its thermal inductance.
Including this introduction section, this paper is organized as follows. Section 2 constructs 2D transfer functions for a class of spatio-temporal dynamics with Laplace-Galerkin transform. With such a functional representation as 2D transfer function, Section 3 performs bifurcation analyses on the TDPequation with respect to the time-delay. Section 4 formulates hyperbolic heat-transfers, based on the electro-thermal analogy. 
is a bounded domain. Based on the SturmLiouville theory [32] , such an operator A is nonnegativedefinite and self-adjoint, which implies that all of its eigenvalues are nonnegative real numbers, and its normalized eigenfunctions constitute an orthonormal, complete basis of ) ( 2 : L . Denote its countable set of eigenvalues by / and the eigenfunction associated with
, from spatial functions to modal functions is defined by ³ :
Completeness and orthonormality of the eigenfunctions basis imply that the Galerkin transform G has a unique inverse
The Laplace-Galerkin transform H is defined by the map from spatio-temporal functions to modal-complex function,
which is the composite of the Galerkin transform and the Laplace transform, and explicitly,
Accordingly, the inverse Laplace-Galerkin transform is the composite of the inverse Laplace transform and the inverse Galerkin transform, that is,
where C is a closed contour that encircles poles of
Basic properties about Galerkin and Laplace transforms are, respectively,
and
where t D denotes the temporal differentiation, and initial conditions at 0 t are set by zeros for functional analysis on linear differential equations. Combining these two properties, the Laplace-Galerkin transform H is of
where E is a polynomial or ratio of polynomials. For example,
Linear dynamics Ĝ governed by partial differential equation 
Take as an explanatory example the longitudinal wave dynamics Ĝ :
It is firstly to check that the negative Laplacian . Taking Laplace-Galerkin transform H on both sides of the differential equation yields
That is, the 2D transfer function of the dynamics Ĝ is
As the input u is
that is the spatiotemporal unit-pulse since its Laplace-Galerkin transform is one, the corresponding output defines the impulse response g of the dynamics Ĝ . Taking the inverse Laplace-Galerkin transform of the 2D transfer function G yields the impulse response:
To verify this solution, let us integrate the differential equation from 
which can be solved via the conventional Separation-ofVariables method. It is easy to find that both arrive at the same solution. This validates the 2D construction of transfer functions.
Representation of partial differential equations by 2D transfer functions renders its stability analysis to be in essence the same as 1D stability analysis. We hold two examples under consideration of this work:
(1) For a 2D transfer function, 
Coupling it with the equation of energy conservation,
leads to the time-delayed parabolic equation:
over a bounded domain : , where Q stands for the heat generation in the interior of : . Consider the class of boundary conditions:
, where 0 T and 0 q stands for inputs of temperature and heat-flux, respectively, on the boundary : w .
Denote the equilibrium point of Eq. (8) by T , i.e.
and the perturbation around the equilibrium T by \ . That is, the temperature T and the heat generation are decomposed, respectively, by
Note that Eq. (8) has only the equilibrium point T that indicates the steady-state temperature observed in Fourier and non-Fourier heat-transfers. Substituting Eq. (9) and Eq. (10) into Eq. (8) yields the equation governing the perturbation dynamics:
with homogeneous boundary conditions: Fig. 1 is unstable. Therefore, we come to the result that the perturbation dynamics of Eq. (12) around the unique equilibrium point T is unstable, no matter how small the delay time W is. by a ratio of polynomials [34] , the Root Locus regarding to Eq. (14) will go across the imaginary axis into the RHP as the positive gain O is large enough. Therefore, there are always poles of the 2D transfer function in Eq. (13) being in the RHP. That is, the perturbation dynamics in Eq. (12) is unstable, as is proved in the preceding paragraph. . Fig. 4 shows the estimated responses of temperature perturbation for 15 , 13 , 11 n , where n represents the total number of modes under consideration. We find not only that the resulted dynamics is unstable but also that the higher the mode is, the more it contributes to the response. Fig. 4 , we find this analysis inferred from the feedback realization in Fig.  1 is really caught by the computer simulator implementing the pair of Laplace-Galerkin transforms.
As of such, even the time-delay in heat diffusion is infinitesimally small, no any steady-states of temperature will be possibly observed. The inexistence of observably steady states is arisen from the ill-posedness of mathematical modelling, instead of the size of parameter-the time delay in heat diffusion. This implies that the realization of non-Fourier phenomena by the time-delay in heat diffusion is contrary to the truth. Specifically, consider the heat-transfer domain : is insulated from heat source across the boundary, i.e. on the boundary of which gradients of temperature are zero. With the same analysis, this heat-transfer dynamics can be proved internally unstable. That is, even a tiny heat-flux pulse input to the domain triggers the temperature distributions to be unbounded. This implies that thermal potential (or the internal energy) is infinite due to a finite energy input to the domain, which obviously contradicts the first law of thermodynamics.
IV. ELECTRO-THERMAL ANALOGY FOR NON-FOURIER HEAT TRANSFERS
On grounds of the electro-thermal analogy, in this section we will incorporate thermal inductance into Fourier heatdiffusion to mathematically model the non-Fourier heat transfer. According to Mitra et. al. ' s experiments in 1995, we numerically fig. out why thermal inertia was sometimes observed as time-delayed diffusion in the past two decades.
The Fourier heat-transfer is a coupling of the heat diffusion:
and the energy conservation:
where k stands for the thermal conductivity, U for the mass density, v C for specific heat (at constant volume), and Q for the heat generation. On grounds of electro-thermal analogy, where we choose the temperature T as a thermal voltage and the heat-flux q as a thermal current, it is inferred from Eq. 
By a similar discussion to Section 3, the equilibrium point T is the same as that of the parabolic equation governing Fourier heat-transfer, and the perturbation \ imposed on T is governed by
with a homogeneous boundary condition: T , to make independent and dependent variables in Eq. (21) and Eq. (20) 
. (26) Then he can perform the inverse Laplace-Galerkin transform 1 - H to obtain the temperature transience )
The transfer function of Eq. (25) for example, heating a micro-pipe with short-time laser pulses. The first experiment in the literature of Mitra et. al. [8] provides persuasive evidences that transfer of heat behaves exactly like propagation of damped wave. Since wave motions require heat-transfer materials to consist of "thermal inductors" capable of storing "thermal kinetics", we feel confident to claim that the thermal inertia observed in a diversity of literatures can be parameterized by thermal inductance.
According to this experiment, we design the following numerical investigations. Let a hot meat ( Fig. 7 and Fig.  8 . The delay time happening at the temperature responses at a fixed location, as shown in both fig.s , is not resulted from time-delayed heat diffusion, but is the time for wave motion to arrive at that location. This wave behavior is more precisely manifested in Fig. 9 , where the snapshots of temperature distribution at different times show the temperature wave is in propagation.
With this numerical setup, we continue to study whether the 2 nd -Sound number N correlates to the heat-transfer behavior by the way of SS1, SS2 and SS3. Fig. 10 shows the temporal responses at a fixed location from the initial to the steadiness, with different 2 nd -Sound numbers (by changing thermal inductances). It reveals that the overshoot of standing wave is getting larger along with the increase of 2 nd -Sound number. This corresponds to the SS2 behavior. During the period of overshooting, the heat-flux is flowing in the opposite direction, which is inconsistent with the conventional principle of heat machines, but does not contradict the second law of thermodynamics, as mentioned in the Introduction section. Fig.  11 verifies the SS1 behavior, where larger 2 nd -Sound number induces increased speed of wave propagation. Via Fig. 12 , we see more clearly this SS2 behavior and how critical this nondimensional quantity-the 2 nd -Sound number N is. , a large quantity of researchers studying time-delayed diffusion indirectly support the existence of thermal inductance, because they usually use a first-order approximation of the time-delayed heat diffusion to study thermal inertia, instead of the original equation. Thanking to those researchers working on the time-delayed heat diffusion, we are getting more familiar with the existence of thermal inductance in operating and observing heat-transfer dynamics. The finding of thermal inductance gives us fresh impetus to restate the second law of thermodynamics, to control the thermal vibrations in small-scaled or fast-timed scaled heat-transfer dynamics, and to pump heat flux into a material storage with acceptably large thermal-inductance.
V. SUMMARY
The bifurcation analysis in this work arrives at the illposedness of the parabolic equation with time-delay Laplacian. Specifically, this ill-posedness violates the thermodynamic nature of energy conservation. Therefore, it must not be true that there exist time delays in heat diffusion, even though the mainstream thinks it reasonable. Furthermore, this paper suggests that Dynamics Analogy be still applicable in the field of heat transfer. To be sure, the 2D classical control kernelled by Laplace-Galerkin transforms has helped us in all these efforts.
